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METASTABILITY FOR PARABOLIC EQUATIONS WITH DRIFT: 
PART II. THE QUASILINEAR CASE 

HITOSHIISHII^-* * AND PANAGIOTIS E. SOUGANIDIS^ 


Abstract. This is the second part of our series of papers on metastability results for 
parabolic equations with drift. The aim is to present a self contained study, using partial 
differential equations methods, of the metastability properties of quasi-linear parabolic 
equations with a drift and to obtain results similar to those in Freidlin and Koralov [aig. 


Notation. We work in R" and write S" for the space of real n x n symmetric matrices. 
For any 9 G (0, 1], S"(0) denotes the subset of all a € S" satisfying 61 < a < 6~^I, where 
I is the n X n identity matrix. If a € S", then tra denotes its trace, and, for a,b £ S", 
a < 6 if and only if 6 — a is a nonnegative matrix. Given p € R", let p 0 p denote the 
symmetric matrix {piPj)i<i,j<n- If 17 is a subset of R*^ for some fc G N, then C{U’,S"{9)) 
is the set of S"(0)-valued continuous maps from U into S". For a G S" and p G R", 
ap-p := Y:'lj^iaijPjPi. If ri, r 2 G R, then ri Ar 2 := min{ri, r 2 } and ri V r 2 max{ri, r 2 } 
and, for r G R, r+ = r V 0 and r_ = (—r) V 0. We use the convention inf 0 = oo and 
sup0 = —oo. The open ball in R" with radius R> 0 and center at a; G R" is Bii{x), and 
Bu ~ Bii{0)- Given Q C R** and <5 > 0, we write Qs := {x £ n ■. dist(x,3f2) > 5}, and, 
for T > 0, Qt ~ Q X (0,r); if T = oo, then we write Q instead of Qoo- The parabolic 
boundary of Qt is dpQx ■= {O x {0}) U {dQ x (0, T)). We denote by Lip(A,R*’) the 
set of the R^-valued Lipschitz continuous functions defined in A C R*^; when fc = 1, we 
often write Lip(A). We write USG(A) and LSG(A) for the set of, respectively, upper and 
lower semicontinuous functions defined on A, and, when A C R" x [0, oo) is open, C'^’^(A) 
is the space of functions which are continuously differentiable twice with respect to the 
space variables and once with respect to the time variable. Given a bounded family of 
functions fs'-A^R, limsup5_>o/5(x) := lim^^o sup{fs{x + y) ■ x + y £ A,\y\ + S < r} 
and liminf*5_>o/5(T) := limi._>o inf{/5(a: + y) : a; + p G A, |p| + 5 < r}. If A is a closed 
subset of R" and / : A —^ R, argmin(/|A) := {a: G A : f(x) = mi%gA /(p)}- We use C 
to denote constants, which may change from line to line. When we want to display the 
dependence of a constant (7 on a parameter a, we write C = C{a), and, for o, 6 G R, a « & 
means that a and b are close to each other in a controlled way. Finally to simplify the 
notation we write {a*,} to denote the sequence {afcjfcgN- 
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1. Introduction 

This is the second part of our series of papers on metastability results for parabolic 
equations with drift. The aim is to present a self contained study, using partial differential 
equations (pde for short) methods, of the metastability properties of quasi-linear parabolic 
equations with a drift and to obtain results similar to those in Freidlin and Koralov mE]. 

More precisely we are interested in the asymptotic behavior, as e —>■ 0 and t —oo, of the 
solution = u^{x,t) of the initial-boundary value problem 

(1.1) uf = £tj:[a{x,u'^)D‘^u'^] + b{x) ■ Du^ in Q, 
and 

( 1 . 2 ) 

where 

(1.3) 
and 

(1.4) g G cm. 

Throughout the paper we assume that, for some Oq G (0, 1], 

(1.5) o G C(i7 X R;§"(0o)), 
and 

(1.6) 6 G Lip(M’^;M”) with 6(0) = 0 
is such that 

, . the origin is a (unique) globally asymptotically stable point of 

the dynamical system X = b{X) generated by 6. 

This last assumption is further quantified by the additional requirements that 6 points 
inward at the boundary points of 17, that is, 

(1.8) b ■ u < 0 on (917, 
and there exist 6o > 0 and ro > 0 such that Brg C 17, and 

(1.9) 6(x) • X < —6o|xp for all x G 

For later use we summarize all the above assumptions in the list 

(1.10) (IL3D, (HH), (US]), (US]), dEZD, dEHj) and (fLQD . 

The asymptotic behavior of the tt^’s is described in Theorem [TJ Our arguments are 
based entirely on pde methods and the main tools are the comparison principle and the 
construction of two kinds of barrier functions for parabolic equations. The later was the 
main subject of our previous paper HI]. 

We work with either classical or viscosity solutions depending on the context and most 
of the times we say solution without making a distinction. When we write inequalities for 
viscosity sub- or super-solutions, we use the < and > signs for a sub- and super-solutions 
respectively. Finally, we will always work with e G (0,1) and we will not repeat this. 

An important tool is the quasi-potential associated, for each c G M, with (a(-,c),6), 
which is characterized by the property 

is the maximal subsolution of H‘^{x, Du) = 0 in 17 and u(0) = 0, 


= g on dpQi 


17 is a bounded C^-domain with outward normal vector v 
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where the Hamiltonian E (7(1? x M”) is given by 

H^{x,p) := a(x, c)p ■ p + h{x) ■ p. 


The quasi-potential is also the unique (viscosity) solution u E Lip(l7) of the state- 
constraints problem for the Hamilton-Jacobi equation H{x,Du) = 0 in 1?, with the addi¬ 
tional condition that u{0) = 0. (See Lemma IC.ll in Appendix C for the uniqueness of this 
state-constraints problem, and also Soner m, Fleming and Soner [5] and Ishii [10] for some 
related aspects.) 

Next we introduce some terminology and introduce some additional notation and hy¬ 
potheses similar to those in BM- 

Consider the map M : M ^ M given by 

(1.11) M{c) := min V^. 

dfl 

The continuity of a and the stability properties of viscosity solutions yield that the 
functions M 9 c i-A M(c) and 17 x M 9 (x, c) i-A V'^(x) E M are continuous. The continuity 
of the latter is an easy consequence of the uniqueness of the state constraints problem. 
Given g E C{Q), we set 

Co := 5 ( 0 ), 5min := ming, := maxc/, gi := niing, 52 := maxfir, 

SI Q dQ dfl 

and note that \gi, 52 ] C [^min, ffmax]- Henceforth we write 

^9 [ 5111111 ) 5max]) 

and we introduce the multi-valued map G : ^ 2® by 

G{c) := {g{x) : x E argmin(H'^|cll7)}. 

It is immediate that G{c) C Ig for all c E Ig. Moreover, since (c, x) H‘^(x) and 
g are continuous on M x dQ and dQ respectively, it is easily checked that G is upper 
semicontinuous on Ig and, hence, G{c) is compact for all c & Ig. 

Next we define the functions G^ : Ig ^ Ig by 

G'''(c) := max G(c) and G“(c) := minG(c). 

and note that they are respectively upper and lower semicontinuous, and, moreover, 

G~^(c) = max g and G~ic) = min g. 

argmin(y‘^|9l7) argmin(y'=|5i7) 

Following PE], we assume that 

(1.12) G+(co) = G-(co), 
and set 

go := G+(co) = G-(co). 

This assumption means that the set G{co) is a singleton, that is, 

g{x) = go for all x E argmin(H'^°|cll7). 

Next we define ci as follows: 

if 5o > Co, then ci := inf{c E [cq, 00 ) : G~{c) < c}, and, 
if 90 < Co, then ci := sup{c E (— 00 , co] : G~^{c) > c}. 


(1.13) 
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Note that, since G{Ig) := Uce4 ^ [ 91 ^ 92 ], we always have ci E [gi, < 72 ] and observe 
that 

r if Cl > Co, then G~{c) > c for all c E [cq, ci), 
i if Cl < Co, then G~^{c) < c for all c E (ci, co]. 

We assume that the graph of G crosses the diagonal from the left to the right at ci, that 
is 


(1.15) 


for all 60 > 0, there exists 6 E (0, (^ 0 ] such that 
< if Co > Cl > grain, then G“(ci — <5) > ci — <5, 
if Co < Cl < ffmax, then G+(ci + <5) < ci + <5, 


and we define the function c : (0, 00 ) —>■ Ig as follows: For each A E (0, 00 ), 


(1.16) 


c(A) := 


/ 

Co if either A < M(co) or ci = co, 

< min(ci,inf{c E [co,ci] : M(c) = A}) if A > M(co) and ci > co, 
max(ci,sup{c E [ci, co] : M(c) = A}) if A > M(co) and ci < co. 


For later use we summarize the above assumptions in the list 


(1.17) 


(fLT^ and (fTT^ . 


Since the definition of c(A) is cumbersome, for clarity and to compare with the linear 
problem, we discuss what happens when a(x, c) is independent of c. In this case the quasi¬ 
potential V and, hence, its minimum value M = mingi^ V do not depend on c, and the multi¬ 
valued map G is a constant. Assumption (jl.l2jl then states that go = niinaj.gmin{P|ai 7 ) 9 = 
maXargmin(\/|ar2) 5 and G(c) = { 50 } and G~(c) = G+(c) = go for all c E Ig. It is easily 
checked that, if g(0) = go, then c(A) = g(0) = go for all A > 0, and, if either < 7 ( 0 ) < go or 
9(0) > 90, 


c(A) 


Co if A < M, 
Cl if A > M, 


while, if g(0) 7 ^ go, then c(A) is discontinuous at A = M. 

The main result, which is similar to [U Theorem 3.1; n , is: 


Theorem 1. Assume (jl.lOp and (I1.17p and let X > 0 be a point of continuity of c. If, for 
e E (0, 1), E G{Q) n is a solution of (11.111 and o, then, for each 5 > 0 so 

that ^ 0 , 

lim n^(-, exp(A/e)) = c(A) uniformly in 

e^O 


In view of the previous discussion, when a{x, c) is independent of c, that is for linear 
equations. Theorem [T] is the same as [m Theorem 1], except if g{0) = go- In this case, 
[m Theorem 1] asserts, in addition, the uniform convergence of ti^(-, exp(A/e)) on any 
compact subset of 17 U argmin(I/|cH7). 

As in [SIE], to prove Theorem [1] we need to show the following three propositions, which 
were proved in [ 8 ] using large deviation results from [9]. The first two together state 
[SI Lemma 3.11], while the third is an observation which is very crucial for the proof of 
Lemma [ 6 |(see [SI Lemma 3.12]). 
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Proposition 2. Assume (jl.lOl) and let E C{Q)riC'^’^{Q) be a solution of (ll.ip . Assume 
furthermore that the ’s are bounded on Q uniformly on e and suppose that there exist 
sequences {^fc}, {A^} C (0, oo) and {sk} C (0, 1) and constants 0 < oi < 02 and /3i,/32 € M 
such that linifc^oo £k = 0 , and, for all k gN, 

0 < ai < < Afc < 02 , o^''(0,exp(//fc/efc)) = /3i and o^''(0, exp(Afc/efc)) = ^ 2 - 

If jdi 7 ^ 132, then limsup^^^ Afe > M(/ 32 ). 

Proposition 3. Assume (11.101) and let E C{Q) n C‘^’^{Q) he a solution of (ll.ip and 
m- Assume further that there exist sequences {/ifc}, {A^} C (0, 00 ) and {sk} C (0, 1) and 
constants 0 < oi < 02 and f3i,j32 E Ig such that lirrifc^ooefc = 0, and, for all /c E N, 

0 < oi <//fc < Afc < 02 , '«'^'=(0,exp(//fc/efe)) =/3i and o^''(0, exp(Afe/efc)) =/32- 
If (3i < (32, then G+(/ 32 ) > 132, and, if (32 < Pi, then G~{P 2 ) < / 32 - 

Proposition 4. Assume (11.101) and let E C{Q) n C‘^'^{Q) he a solution of (ll.ip and 
m- Fix Po E Ig and po > 0, and assume that, for any S > 0, there exist 7 > 0 and a 
sequence {fffc} C (0, 1) such that = 0 and, for all p G [po — 7 , po + 7 ] and /c E N, 

(1.18) o'''“(0, exp(p/efc)) E [Po - S, /3o + 5]- 
If either 

(1.19) G~{Po)>Po or G^{Po)<Po, 
then Po < M{Po). 

We discuss next some of the new ideas that are needed to prove the main theorem. 

Recall that we are interested in the asymptotic behavior, as {e,t) (0,oo), of the 

solution of o and o in a logarithmic time scale, that is, in the behavior, as e ^ 0, 
of o^(x, exp(A/e)) for any fixed A > 0. It turns out that this is a consequence of what we 
call “uniform asymptotic constancy” which yields that, as t —>■ 00 , u^(-,t) behaves similarly 
to u^{0,t) in the space G{f2) equipped with the locally uniform convergence topology. 

The uniform asymptotic constancy (see Theorem 1101 below) is a crucial observation that 
goes beyond m- Roughly it says that, if is a bounded solution of (|2.1I) . then, as e ^ 0, 
for any compact K G 12 and > 0, 

u^{x,t) ^ u^{0,t) uniformly for {x,t) G K x , 00 ). 

With this fact at hand the main theorem (Theorem [T]) is an easy consequence of Propo¬ 
sitions [2113| and IH 

Their proofs are based on the comparison (or maximum) principle and, thus, on the 
construction of barriers, that is sub- and super-solutions of dLH). We have already built 
such functions in our previous work IB, where the matrix a(x, c) is independent of c. Here 
(see Proposition [T3| and Corollary [T^ we modify the construction of one class of barrier 
functions in order to make the comparison argument straightforward. 

The building block of the barrier functions in IB and here is viscosity solutions of 
Ha(x, Du) = 0 with some additional normalization conditions, where a G C(f7; S"'(0o)) is 
is selected as explained below and Ha{x,p) := a{x)p -pF {x) -p. An important observation 
is that, if Va is the quasi-potential associated with {a,b), then Pq, > 0 in 17 \ {0} and 
Ma ■■= ToinsQ Va > 0 . 
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The barriers : Q —)• M are supersolutions of dEU) of the form 


w^{x, t) := exp 


v{x) — m 
e 


+ dst, 


where m and are positive constants such that 0 < m < M„ and d^ = exp(—Ag/e) for 
some Ag ~ m, and v is an appropriately chosen smooth approximation of V^. The choice 
of m yields that, for e sufficiently small, is compatible with the Dirichlet data g on 
df2 X [0, oo). 

In view of the fact that a priori we have little knowledge of the uniform in e regularity 
of solutions of given such a solution u^, we treat = a{x,u^{x,t)) as an arbitrary 

element of C{Q;§^{6o)). 

To motivate the choice of a in the construction of the barrier function given the above 
we compute in Q 

wl — etr[a^(x, 1 )0"^w^] — b ■ Dw^ 

= de — exp f {H^{x,t, Dv) + etv[a^D‘^v\) 


with i?g(x, t,p) := a^(x, t)p ■ p + b{x) ■ p. 

If a G (7(17; S"(0o)) satisfies < a in Q, then 

wf — etr[a^(x, t)D‘^w‘^] — b ■ Dw^ > ds — exp {Ha{x, Dv) + 0{e)) > 0, 

with the last the inequality holding, if e is sufficiently small, because of the choice of v and 
dg -the details are given in Proposition 1121 

A very important fact in our analysis (see Proposition IIII below for the precise statement) 
is that the locally uniform convergence topology of (7(l7) is strong enough to imply that, if 
a{x) « a{x,c) in (7(17), then Ma ~ M(c) and argmin(V)i, | df2) ps argmin(I7'^ | 9l7). 

To describe the idea which is in the core of the proof of, for example. Proposition [2l we 
consider the very special case that, for e > 0 sufficiently small and some constants c, 7 > 0 
and 0 < 5 < p < X, 


|n^(0,t) — c| < 7 for all t G [exp((5/e), exp(A/e)], 

and 

u^(0, exp(<5/e)) = c and u'^(0, exp(^/e)) > c + 7 for some 7 G (0, 7 ). 

We then choose a G (7(17; S"’(0o)) so that < a in Q x [fg, Tg], where tg := exp(d/e) 
and Tg := exp(A/e). Using the barrier as in the linear case (see [111 Theorem 1 (i)]), we 
conclude that, as e —)• 0, for any p < Mq,, tt^(0,t) ^ c for all t G [fg, Tg A exp( 7 /e)], which 
implies that p > M^. Furthermore, according to the previous arguments, a can be chosen, 
so that, as 7 ^ 0 , Ma —>■ M'^. 


Organization of the paper. The rest of the paper is organized as follows. In Section 2 we 
study the asymptotic constancy, that is the effect of the drift term in parabolic equations 
like (11.11) . In Section 3 we introduce Hamilton-Jacobi equations related to (11.111 . which 
have quadratic nonlinearity, and study the continuity properties of the associated quasi¬ 
potentials. Section 4 is devoted to the construction of two kind of barrier functions, or 
sub- and super-solutions, which are used to study the asymptotic behavior of solutions of 
linear parabolic equations, that is equations like (|l.lll with a G C{Q-,W^{9o)). The proofs 






METASTABILITY FOR PARABOLIC EQUATIONS WITH DRIFT 


7 


of Propositions El [3] and m and Theorem [T] are given in Sections 5 and 6 respectively. Some 
basic properties of viscosity solutions are explained in Appendices A, B and C. 

2. The Asymptotic constancy 
We consider the linear pde 

(2.1) = etT[a'^{x,t)D‘^u^] + b{x) ■ Du^ in Q. 

We assume, in addition to (|1.6I) and (|1.9I) . that 

( 2 . 2 ) eC{Q,E^{do)). 

The goal here is to show that the drift term in (|2.ip has a strong effect to propagate, as 
e —)• 0, the values of the solutions tt'" at x = 0 to 17; for future reference we call this fact the 
asymptotic constancy. 

It turns out that the asymptotic constancy does not depend on any properties of other 
than (12.21) . It is, therefore, technically more convenient to study, in some instances, instead 
of (j2.ip . the problem 

(2.3) vt = eP~^{D‘^v)+ b{x) ■ Dv in Q, 
where P'*' is the Pucci operator associated with S"'(0o) defined by 

(2.4) P+{X) = sup{tr[AA] : A G S^(do)}, 

which is, obviously, uniformly elliptic with constants 0n and that is, for all matrices 
A, y G such that A < T, 

(2.5) 0 otr(y-A) <P+(y)-P+(A) <0QHr(V -X). 

Some useful barrier functions. We fix an auxiliary function h G C'^([0, oo)) with the 
properties 

(2.6) 0 < /i < 1, /i = 0 in [0,1/2], /i = 1 in [1, oo) and h' > 0, 
set 

k:=bo/2 and Rq := 2V^j-s/boOo, 

choose R G [Ro,oo),r G (0,ro], where tq is as in ()1.9p . and Sq G (0, 1) so that 

(2.7) V^oR < r, 
and, for s G (0,eo], let 

(2.8) ^ = 

With all these choices at hand we introduce the functions ,q^ : M” x [0, oo) —^ M defined 
by 

(2.9) p^{x,t) := h{{R^/e)~^\x\e~^^) 
and 

(2.10) q^x, t) := /(x, t) + ds; 

observe that, since h vanishes identically in a neighborhood of the positive time axis I := 
{0} X (0, oo), p^ and are smooth in M” x (0, oo). 





HITOSHI ISHIli’* AND PANAGIOTIS E. SOUGANIDIS^ 


We note that appears in the proof of P Lemma 3.6; [8]. The difference is that these 
references consider equations like (I2.ip , while here we study (j2.3p . 

The following lemma summarizes the properties of q^. Its proof is based on long explicit 
but also straightforward calculations. The reader may want to skip the details on first 
reading. 

Lemma 1. Assume ()1.6I) . ()1.9p and ()2.5p . With the above choices of k, R, r, £q, e and t, 
the function given by ()2.10l) is a supersolution to ()2.3p in Br^ x (0, oo). Moreover, 

fg^(-, 0)>0 in Br, q^{-,0)>l in Br\B^j^, 

> 1 in dBr X [0, r] and q^{-,T) < on B^j^- 

Proof. First note that 


1 


kt 


p^{x,t) = 1 if \x\ > and p^{x,t) = 0 if \x\ < -Ry/ee‘ 

For {x,t) G BrQ X (0, oo) we write p = e“^* and x := x/\x\ (since, 

in view of the above, p^ vanishes in a neighborhood of the origin we do not have to be 
concerned about x = 0 ), and find 

pl{x,t) = -kh'{r,c,t)\x\pe~’^\ Dp%x,t) = h'{r,^^t)px 

1 


D‘^p^{x,t) = h'(rx,t)pe — x 0 x) + h"{rx,t)p‘^ e '"~“x(^x. 


2 -2kt - 


X 


Moreover, for any a G and all (x,f) G Q with x 7 ^ 0, we have 

I tr[a(/— X ( 8 ) x)]| < — 1) < and | tr[ax (g) x]| < 

and, therefore, 

pI — etr[aZI^p^] — 6 (x) • Dp^ 

= h'{rx,t)p\x\ e“^* A: — |x|“^ 6 (x) • x — |-^tr[a(/ — x (g) x)]| 
— eh"{rx,t)p^ e“^^* tr[ax ® x] 


> h'{rx,t)p\x\ e 


—kt 


-k + bf)- 


ne 

9o\x\ 


— ^\\h"\\L°°P^ e 


2 ^—2kt /D—1 
^0 


Observe that 
( 2 . 11 ) 
and 


2 ^ if and only if -Ry/ee^^ < [xj < Ry/ee^^, 


h'{rx,t)-r-^ < h'{rx,t) 


4e 


—2kt 


ixr R^e - ^ ’R^e' 


< h'{rx,t)- 


Using the observations above and (|1.9I) and recalling the choices of the constants and 
that a G §”'(^ 0 ) is arbitrary, we get 

pI — £P^{D‘^p^) — h{x) ■ Dp^ 


> h'{rx,t)p\x \e 


—kt 


-k + ho- 


4n 


.^—2kt 


- \\ h !'\\ L ^ 


9cR^ 


> -\\h''\\L^ 


3— 2 fct 


9oR^' 
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Thus, noting that, for all t > 0, 

pf(0,t) -eP+(T>V(0,t)) -6(0) •T»p^(0,t) = 0 


we conclude that 

-2kt 

pf-eP+(T>V)-6(x)-T»p^ >in x (0, oo), 

and, hence, is a supersolution of (|2.3p in x (0, oo). 

Finally, we observe that, if 0 < t < r and x G dB^, then 


|x| e re 

> 


^/£R ^/eR 

and, if a: G B^j^-, then 


|x| e ^ r e 1 


Vei? “ 2v^i? 2 


Moreover, 


1 and q^{x,t) >P^{x,t) = 1, 


and 


q^ <p^ + 


\\h"\\L^ 

bo9oR^ 


boBoR^ ■ 


g^(x,0) =/(x,0) 


hi\x\/{V£R)) > 


for all X G Bj., 
for all X G Br\ B 


□ 


An application of the Harnack ineqnality. We use a consequence of the Harnack 
inequality to obtain an a priori bound for the oscillations of the u^’s, which are uniform in 
e and t up to oo. 

If G C'^’^(Q) is a solution of (12.11) . then 

v%y,t) := u^{y/ey,t) for (y,t) G B^^j^ x [0,oo), 

satisfies 

(2.12) vl = tr[a^(v^y,t)Z)2u^] + . Dv^ in x (0, oo). 

It also follows from ()1.6p that there exists L;, > 0 such that 


|6(x)| < Lb|x| for all x G B^^, 

and, hence, 

(2.13) \KVey)\ < y ^ 

v£ 

Next we recall the following consequence of the Harnack inequality from Krylov m 
Theorem 4.2.1]. 


Proposition 5. Assume (12.21) and (I2.13p . fix R G (0, 2], {z,t) G M"" x (0,oo) such that 
Bji{z) C and r > 2R?^ and let w G C'^'^{Bji{z) x (r — 2R?, r)) be a nonnegative 

solution of (12.121) in Br{z) x (t — 2R?, r). There exists a constant C = C{R, 9Q,Lh,n) > 1 
such that 

w{z,t — R^)<C inf w{y,T). 

y&^R/2(A 

We use now Proposition [5] to obtain the following improvement of oscillation-type result 
for solutions to dm. 
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Corollary 6 . Assume (12.21) and (|2.13p and, for e G (0,1), let G C{Q) n be a 

solution of m inQ. Fixm G N andT > 0 and assume that (m+2)-y/i < ro, T > 4(m+l) 
and 


(2.14) 


ju^{0,t) < 0 for all t G (0, T), 

\«=(x,t) < 1 for all {x,t) G - 8 (^+ 2 )^^ x (0, T). 

There exists a constant rj = ri{m,9o,Lb,n) G (0, 1) such that 

u^<r] in {A{m + l),T). 


Proof. Noting that the function v^{y,t) = u‘^{y/ey,t) is defined on Bm +2 x (0, T), we set 

w{x,t) = 1 — v^{x,t) for {x,t) G Bm +2 X (0, T). 

Observe that ro is a solution of (I2.12p in Bm +2 x (0, T) and, by ()2.14l) . that ro is a 
nonnegative function on Bm +2 x (0, T) and satisfies 

w{0,t) > 1 for all t G (0, T). 

Let (x, t) G Bm X (4(m + 1), T) and choose a finite sequence of balls Bi{xi), ..., Bi{xm) C 
Bm SO that xi = 0, X G Bi{xm) and, if 1 < i < m, then Bi{xi+i) H Bi{xi) / 0. Applying 
Proposition [5] with R = 2 yields, for some C = C{6o, Lb,n) > 1, 

w{0,t — Am) < C inf w{y,t — A{m—l)), 

yeBiixi) 

and, hence, if m = 1, we have 


10(0, t — Am) < C'^w{x, t), 

while, if m > 1, repeating the argument above we obtain 

w{0,t — Am) < Cw{x 2 ,t — A{m — 1)) < C'^ inf w{y,t — A{m — 2)) 

y&Bi(x2) 

< ■ ■ ■ < inf w{y,t) < C'^w{x,t). 

yeBiixm) 


Thus, we have w{0,t — Am) < C^w{x,t), and, since w{0,t — Am) > 1 by ()2.14l) . we get 

1 < C^{l-v%x,t)), 


which yields 

X 1 

V (x, t) < I — ——, 

and, hence, with y = 1 — IfC^, 

u^{x,t) < rj for all (x,t) G B.^^ x (4(m + 1), T). 


□ 


The asymptotic constancy. Let 77 be a relatively open, possibly empty, subset of df2, 
set := 17 U 77, and, for any <5 > 0, 

:= {x G 17 : dist(x,c7l7) > <5} and := {x G 17 : dist(x,c7l7 \ 77) > <5}. 

The next result is the first indication of what we call asymptotic constancy, which is a 
straightforward generalization of m Theorem 14]. Roughly it says that, for e small, if a 
solution of (|2.1I) is bounded and small (say negative) in a small cylinder around the positive 
time axis I and a portion of the parabolic boundary, then it is small (of order 5 > 0) in a 
large part of Q after some uniform time depending on 5. 
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Proposition 7. Assume (11.31) . (II.6|) . (jl.7jl . (|1.8jl . (jl.9p and (j2.2p and fix 5 E (0, ro). There 
exist > 0 and eo E (0, 1), which depend only on 6, 0o> d, U and Q, such that, if, for 
e E (0, eo); £ C'(Q)nC'^’^(Q) is a solution of (j2.1l) and satisfies, for some T{e) E (T^, oo], 

< 1 in i? X [0, T(e)) and < 0 in {Bs U 77) x [0, T{e)), 

then 

u^{x,t) < 6 for all {x,t) E Qf x [Ts, T{s)). 


For the proof of Proposition [3 it is necessary to first describe some preliminary facts that 
are consequence of the asymptotic stability property of the vector field b. 

We fix (5 > 0 and set 

r(x) := sup{t >0 : X{t,x) ^ Bs} for x ^ Q, 
where X{t) = X{t,x) is the solution of 

X{t; x) = b{X(t; x)) and X{Q;x) = x. 

Since 1? is bounded and the origin is a globally asymptotically stable point of 6, it is 
immediate that, if 

(2.15) Ts := supr(x), 

x&Q 

then 


(2.16) 0 < < oo and X{t,x) E Bs for all {x,t) E 17 x [Ts, oo). 

We consider the transport problem 

Ut < b ■ DU in 17 X (0, Ts], 

(2.17) m.m{Ut - b ■ DU, U} < 0 on 77 x (0, Ts], 

U <0 in Bs X {0}; 

the first inequality in (j2.17j) should be understood in the viscosity subsolution sense while 
the second is a viscosity interpretation of the Dirichlet condition, U < 0, on 77 (see m)- 

Lemma 2. Assume (jl.3p . (II.6p . (11.71) and (II.8p . If U & USC(17 x [0, Ts]) is a subsolution 
of (|2.17l) . then U{x,Ts) < 0 for all x E 17^. 


Proof. Fix x E 17^ and, for t E [0, Ts], set 

u{t) = U{X{Ts-t,x),t). 

It is a standard observation (see Lemma [A.II in Appendix A) that u E USC([0, T^]) is a 
subsolution, if x E 17, of 

(2.18) m' < 0 in (0, Ts], 
and, if X E 77, of 

fu' < 0 in (0, Ts), 

(2.19) ^ ^ 

[tt' < 0 or u <0 on {T^}. 

Suppose that maxjo^r^j u> 0. Since X{Ts,x) E Bs and m(0) = U{X{Ts,x),0) < 0, there 
must exist a > 0 and r E (0, Ts] such that the function [0, Ts] 3 t ^ u{t) — at attains its 
maximum on [0, Ts] at r. In view of (12.181) . if x E 17, then a < 0, which is a contradiction. 
If X G U ^ then either cr ^ 0 or t — cincl u(T§^ ^ 0, which is OigOjin ct controiclictiori. Thus, 
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we conclude that n < 0 on [0, Ts]. In particular, u{Ts) < 0, which shows that U{x,Ts) < 0 
for all X G 17^. □ 

We proceed with the proof of Proposition [71 

Proof of Proposition^^ Let r,5 > 0 be the number dehned by (I2.15p . For any s G (0,1), let 
Vs denote the set of all (viscosity) subsolutions v G USC(17 x [0, Ts]) of (12.3p such that 

(2.20) u < 1 on X [0, Ts] and u < 0 on {Bs U 77) x [0, Ts], 

and note that Vs, which is clearly nonempty, depends only on 5, Ts, Oq, b, 77 and 17. 

It turns out that Vs has a maximum element. Indeed, for {x,t) G 17 x [0, Ts], set 

v^{x,t) := sup{u(x,t) : v G Vs} 

and consider its upper semicontinuous envelope 

v^{x,t) := liinsup{u^(?/,s) : {y,s) Gf2x [0, Ts], |(y,s) - {x,t)] < r}. 
r^O 

Standard arguments from the theory of viscosity solutions yield that G Vs and, since 
0 G Vs, > 0 on 17 X [0, Ts]. 

Let U G USC(17 X [0, Ts]) be the half-relaxed upper limit of that is, for {x,t) G 
17 X [0, Ts], 

U{x,t) := limsup*i;*^(x, t); 

s —^0 

we refer to Crandall, Ishii and Lions [3] for more discussion about the half relaxed upper 
and lower limits. 

It follows from LemmaOthat U{x,Ts) < 0 for all x G 17^, and, hence, in view of the 
uniformity encoded in the definition of U, there exists a constant Eq G (0, 1), depending 
only on 6 , 6 q, b, 77 and 17, such that, for all e G (0, eo), 

v^{-, Ts) < 6 on . 

Finally, since, for each e, the function 17 x [0, 9 {x,t) i-A u^{x,s + t), with 0 < s < 

T(e) — Ts, belongs to Vs, it follows that, if s G [0, r(e) — Ts), then 

u^{x,s+ Ts) < v^{x,Ts) < 6 for all x G 17|^ and eG(0,eo]) 

and, thus, 

u^(x,t) < 6 for all {x,t) G I7f^ x [Ts, T{£)) and e G (0, eo]- D 

Next we use Corollary [6| and the previous proposition to obtain a refinement. Here we 
assume an upper bound, say 1, only in a cylindrical neighborhood of the positive time axis 
I and show that, if, in addition, the solutions are small, say less than 0 on the half line 
I, then they are small, say less than <5, after a time, of order | loge|, in a small cylindrical 
neighborhood of 1. We remark that a time period of order |loge| is “very short” in the 
logarithmic scale of time, that is, as e ^ 0, if exp(A£/e) = 0(| loge|), then —)• 0. 

Proposition 8. Assume (II.3p . ()1.6p . (II.7p . (II.9p and (12.2p . For any (5 > 0, there exist 
eo £ (0) 1) CL'nd a family {r(e)}o<£<£o C (0, oo), both depending on xq, Oq, b, S and n, and 
7 G (0, 1), such that, if, for e G (0, eo], is a solution of (12.ip with the property that, for 
some r(e) G (T(e), oo], 

(2.21) < 1 in B^q x (0, r(e)) and n^(0,t) < 0 for all t G (0, T(e)), 
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then 


< 5 in B^ro X T{£)). 


Moreover, there exists a constant C > 0, which depends on tq, 9q, b, 6 and n, such that 

T{e) < C{\ loge| + 1) for all e G (0, eo]- 

Although it appears similar, Proposition [8] is actually very different from [111 Theorem 
13]. Indeed the second condition in (|2.2ip on the solutions is required only at the origin, 
while in m Theorem 13] it is assumed on a neighborhood of the origin. This refinement, 
which is important for the proofs of Propositions [2l [3] and 01 depends technically on the 
barrier functions in Lemma [Hand the Harnack inequality (Proposition [S]). 

Proof of Proposition\^ To simplify the argument, we assume that T{e) = oo since the 
general case can be treated similarly. 

Fix > 0, choose h G (^^([0, oo)) satisfying (|2.6p and m = m{9o,n, jj/i"llLoo) G N such 
that 


w 


< 


1 


and m > 


2\/^ 


boeom'^ 2 "" y/boBo ’ 

let r] = t]{6o, Lb,n) G (0, 1) be the constant in Corollary (H set tq = 4(m + 1) and fix 
£i = £i(ro,m) G (0, 1) so that 

(m + 2)v^ < ro- 

Then, for any e G (0, ei]. Corollary [6] gives 

u^(x,t} < r] for all (x,t) G B^^ x (tq, oo). 

Define 

:= (1 — ri)~^ {u^ — 7]) in 17 X [0, oo), 
and note that is a solution of ()2.ip . and, moreover, 

<1 in B^q X (0, oo) and < 0 on B^^ x [tq, oo). 

Let be given by ()2.10p with R and r replaced by m and ro respectively. It follows from 
Lemma [Hand the comparison principle that, for any fixed s > tq, 

+ •) < q’' in Bro X [0, n], 

where ri = Ti(e) > 0 is given by 


Hence, 


v%-,- + ri) < 


Bon 

2 

\\h"\ 


= log 


^0 

my/£ 


boBom^ 2 

which, with ri(e) := tq + Ti(e), can be rewritten as 


i in B^^/2 X [to, oo), 


( 2 . 22 ) 


u'^ <V + = ^(1 + v) in B^^/2 X [Ti{e), oo). 


2 2 

Next, for j = 2,3,..., we choose £j G (0, £j-i) so that 

(m + 2)^ < 














14 


HITOSHI ISHIJi’* AND PANAGIOTIS E. SOUGANIDIS^ 


and, for any e E (0, Sj), select Tj = Tj{s) > Tj-i{e) so that 


0oTj{e) 


= log 


ro 


2i~^nn^) ’ 


and set, for e E (0, ej), 

j 

Tj{e) := Tj_i{e) + tq + r,(e) = Jtq + ^ Ti{e). 

i=l 

We prove by induction that 

(2.23) in x [Tj{e), oo). 

Since (|2.22l) yields that (|2.23l) holds for j = 1, we assume that (I2.23P is valid for some 
j E N, set 

^ +Tj(e)) in Q, 


:= 


l + r] 


observe that w’" is a solution of m, with a^(-, •) replaced by a^(-, • + Tj(s)) and satisfies 
10^(0, t) < 0 for all t E [0, oo) and < 1 in .6^0/2^ ^ [0,oo). 

Using Lemma[I]and Corollary [6] as before, with the same m and tq, but with u^, tq and 
Ti replaced by w^, ro/^-^ and Tj+i respectively, we obtain 


1 + rf . 


in ^ro/2>+i X (t-Q+ U+i(^)> 


which, after been rewritten as 


< 


1 + 


H) 


i+1 


2 y 


in 5ro/2J+i X [rj+i(e), 00 ), 


yields the claim. 

Finally, selecting j E N so that 


1 + r/ 


<-5, 


setting £0 = 7 = 2-^ and r(e) = Tj(£), and observing that, as £ —)• 0 +, t(£) = 0(| log£|) 

we complete the proof. □ 


We have by now completed all the technical steps needed for the next theorem, which is 
a nontrivial refinement of Proposition [71 It asserts that bounded solutions to (I2.1|] . which 
are small on the positive time axis I and a part of the parabolic boundary, are actually 
small in almost the whole domain after some time of order | log£|. This is the mathematical 
statement of what we called asymptotic constancy. 

Theorem 9. Assume (|1.3p . ()1.6[) . (|1.7p . (II.8p . (jl.9p and (j2.2p uTid let '[T(^)}eG(o, 1 ) ^ 

eollection of positive numbers. For each <5 > 0 and Cq > 0, there exist constants £0 E (0, 1) 
and C > 0 such that, if, for e E (0, £ 0 ], E C'^’^(Q) is a solution of (El]) satisfying 

< Cq in 17 X [0, T{£)) and < 0 in ({0} U 77) x [0, T{£)), 

then 

u^{x,t) < 6 for all {x,t) E Qf x (C'|log£|, T{e)). 
















METASTABILITY FOR PARABOLIC EQUATIONS WITH DRIFT 


15 


Proof. Proposition [ 8 ] yields constants Si, 7 G (0, 1) and Ci > 0 such that, for all 0 < e < ei, 

< - in B.yro X [Ci\log£\, T{e)). 

Proposition [3 applied to v^{x,t) := CQ^{u^{x,t + Cil loge|) — 5) instead implies the 
existence of and eo G (0,ei) such that, for any e G (0, eo), 

(2.24) 

which says that, for any e G (0,eo)) 

<8 in Qf X [Ts + Cl I loge|, r(e)), 

and the proof is complete. □ 


Next we use the last result to control the difference between values of and u^(0, t). 

Theorem 10. Assume (|1.3I) . (|1.6I) . (|1.7p . (|1.8p . (|1.9D and (12.21) . For each <5 > 0 and Cq > 0 
there exist constants sq € (0, 1) and C > 0 such that, if, for e G (0, eo]; is a solution of 
m satisfying 

< C'o in ^ X [0, 00 ), 

then 

\u^{x,t) — {0,t)\ < 5 for all (x, t) G x [C| loge|, 00). 


Proof. We double the variables and define the function : 17 x 17 x [0, 00 ) 

v^x,y,t) := u^{x,t) - u%y,t). 

It is standard that solves in 17 x 17 x (0, 00 ) the doubled equation 


by 


vl = £ti[a‘^{x,t)D^v^\ + £tv[a^{y,t)DyV^\ + h{x) ■ DxV^ + b{y) ■ DyV^ 
= eix[A^{x,y,t)D‘^v‘^] + B{x,y) ■ Dv^, 

B{x,y) := {b{x),b{y)) and A^{x,y,t) := 


where 

^a^{x,t) 0 

0 a%y,t)J ■ 

The conclusion follows if we apply Theorem [9l with 77 = 0, to zbu'", since u^(0,0,t) = 0 
for all t > 0 and |u^| < 2Co in 17 x 17 x [0, 00 ). 

The only issue is that the boundary of 17 x 17 does not have the C^- regularity required 
for the theorem. 

To overcome this difficulty, we only need to approximate 17 x 17 by smaller C^-domains, 
that is, for fixed (5 > 0, we choose a C^-domain W C so that 


775 X 17,5 C W 5/2 C IP C 17 X 17, 
where II 5/2 := {ix,y) G W : dist((x, y), cIIP) > 8/2}, and 

B{x,y) ■ N{x,y) < 0 for all {x,y) G dW, 

where N{x,y) denotes the outward unit normal vector at (x, y) G dW. □ 
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3. Quasi-potentials 

We establish here an important continuity property under perturbations for the minimum 
and the arg min map of the quasi-potentials we introduced earlier in the introduction. 

We begin with some notation and the introduction of several auxiliary quantities needed 
to dehne the perturbations. To this end, we hx /3o G Ig, dehne Hq E (7(17 x M”) by 

Ho{x,p) = a{x, /3o)p ■ p + b{x) ■ p, 
choose some 6 o > 0, and, for 6 E (0, 5o), 

9{6) := max{| (a(x,c) - a(x,/3o))^ - Cl : x E 17, ^ E M'", |^| < 1, c E [/3o -S, /3o + (5]}. 

The continuity of a{x, c) (recall (11.51) 1 yields lim^^o = 0, and, hence, selecting (^o > 0 
sufficiently small, we assume henceforth that 

9{6) < 6q/2 for all 6 E (0, Sq). 

We dehne af E (7(17, S”) and Hf" E (7(17 x M”) respectively by 

af{x):=a{x,l3o)±9{S)I and H^{x,p) := af{x)p ■ p + b{x) ■ p, 
and note that, for all (x,c) E 17 x [/3o — 6, I3q + 5], 

( 6 * 0 / 2 )/ < (x) < a(x, c) < a/ (x) < (9 q^ + 9q/2)I. 

We choose X5 ^ (7(M"'; [0,1]) such that 

X5 = 1 in X E 17^ and Xd = 0 in \ 17,5/2, 
and dehne Tif E (7(17 x M") by 

'Hsix,p) = X5ix)H^{x,p) + {I - X5 {x)){9o^\p\‘^ + b{x) -p), 

'^six,p) = xs{x)Hg{x,p) -/ (1 - X5{x))i9o\p\‘^ + b{x) -p), 
and note that, for ah (x, c) E 17,5/2 x [Po ~ /3o + U (17 \ 17 , 5 / 2 ) ^ P ^ 

PLJ {x,p) < a(x, c)p ■ p -|- b{x) ■ p < 'H'g (x,p). 

We also have 

7if(x,p) = H^(x,p) for all (x,p) E 17^ x M"’, 
while, for all (x,p) E (17 \ 17 , 5 / 2 ) 

'Hf{x,p) = 9Q^\p\‘^ + b{x)-p and UJ{x,p) = 9o\p\‘^ + b{x) ■ p. 

If we set 

( 3 ;) = X5(a;)«| (x) + (1 - X5(a;))6'o ^/ and Og (x) = Xs(x)ag (x) -/ (1 - xs(x))9oI, 
then, for all (x,p) E 17 x M”, 

Tif (x,p) = af (x)p ■ p -I- 6(x) • p. 

Let Vo and be respectively the maximal subsolutions of 


(3.1) 


Hq{x,Du) = 0 in 17, 

n(0) = 0, 
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and 

(3.2) 


'Hf{x,Du)=0 in]?, 

tt(0) = 0. 


We note by m Corollary 5] that V^{x) > 0 and Vq{x) > 0 for all x G 1? \ {0}. Since 
on 1? X M"", it is clear that 


(3.3) 


< Vb < on ]?. 


We set 


Mo := minVb, Cq := argmin(Vb|9]?), Mf := min 14^, rf := argmin(14^|5]?), 
dn dQ 

and note that 

M/ < Mo < M^. 

The following result is about the continuity of M^ and with respect to 5. 
Proposition 11. Assume (11.31) . ()1.5I1 . ()1.6p . (|1.7p and (jl.Sp . Then 
(3.4) lim Mt = lim Mr = Mo 

and 


(3.5) 


lim sup U lim sup F^ C Fq. 
5 ^ 0 + 5 ^. 0 + 


The set limit in (j3.5|) is understood in the sense of Kuratowski, that is, for a given 
{-^5}<5e(0,5o) ^ 


lim sup Fs 
5^0+ 


f| U = {x G 
re(0, So) <5e(0, r) 


Now we prove Proposition 1111 


X = lim Xfc, Xfc G r^, lim 4 = 0}. 

fc—)-CxD k^oo 


Proof. The uniform in x and 6 coercivity of the Hamiltonians TL^, that is the fact that 
TLf{x,p) —>• oo as IpI —)• oo uniformly in x and 5, yields that the families {V 5 ^} 5 g(o,( 5 o) 
equi-Lipschitz continuous on 1?, and, since ^/^(O) = 0, relatively compact in (7(1?). 

To prove (13.4p and (13.51) . it is enough to show that, if {^lieN C (0, 4) is such that both 
{Vb^ljgN converge in (7(1?) to some Vq^ G (7(1?), that is 

= lim uniformly on 1?, 

j^OO 3 

then 


(3.6) 

and 


Mn = min = min Vd 

an ^ an ^ 


(3.7) argmin(Vb|5l^) = argmin(Vb^|cll?) = argmin(Vb"|cH?). 

For notational convenience, we set 

M|^:=minVb^ and = argmin(Vb^|cll?). 

an 

It is well-known (see Lemma lB.il in the Appendix) that the V^^’s satisfy in the viscosity 
sense 

'H^{x,DV^)>^ onQ and [x, DV^) < in Q, 
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that is, the V^^’s are solutions of the state-constraints problems 

= inf?. 

By the stability of viscosity properties, the Vj^’s satisfy 

Hq{x,DV^{x)) <Q in 17 and {x)) > Q 


on 17, 


where 


: = 


Hq{x,p) 

0 o^\P? +b{x)-P 


for (x,p) € 17 X M"", 
for {x,p) € 5l7 X R"'. 


Here we used that 

limsup* (x,p) = liminf*= Hq{x,p) for all (x,p) E 17 x R”", 
5^0 < 5^0 


and 

limsup* = Ht{x,p) for all (x,p) E 17 x R"'. 

( 5^0 

The maximality of Vq implies that < Vq on 17 and, since, in view of (I3.3|) . Vq < 
Hq” in 17, we have Hq“ = Vq, which, obviously gives 

(3.8) Mq = Mq and Tq" = Tq. 

The argument for and Fq is slightly more complicated. 

Since (13.3h yields < Vq, it is immediate that 

M+ < Mo. 


Next we show that 


(3.9) min{Vb) -^o} < ™ 

which, together the previous inequality, gives 

(3.10) Mo+ = Mo and To C F;^. 

We proceed with the proof of (|3.9p . Fix I E (0, Mo), choose 71 E (0, 60 ) so that 

Vq > I on 17 \ 17.^^, 

fix /i E (0, 1) sufficiently close to 1 so that 

pVo > I on 17 \ I7.yj, 

and choose 72 E (0, 71 ) so that 

^(a(x,/?o) + < CL{x,j3o) for all x E 17 and 6 E (0, 72 ). 

Observe that, if %(x) := pVq{x), then, for all 5 E (0, 72 ), 

u^> I in 17 \ 17^, 

and, for all 6 E (0, 72 ), in the viscosity sense, 

H+{x, Du^) = p{p{a{x, (5o) + e{6)I)DVo • DVo + h{x) • DV^) 

< /i(a(x, (5o)DVo ■ DVq + b ■ DVq) < pHq{x, DVq) <0 in 17. 

Now set := min{n^, 1} and note that the convexity of H^{x,p) in p yields that, if 
5 E (0, 72 ), then 

nj{x,Du^^) = H^{x,Dul) <0 in Os- 
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Also, if G (0, 72 ), then, since = Hn an open neighborhood Ns C O of f2\ Os, 

Tisix, Du''^) = 0 in Ns- 

Thus we deduce that, for any <5 G ( 0 , 72 ), is a subsolution of < 0 in 17, 

and, hence, in 17 by the maximality of . Sending <5 —>■ 0, along the sequence 

{5j}, /U —>■ 1 and I —)• Mq in this order, we conclude that (|3.9p holds. 

Next we show that C /q. Let 2 ; G F^ \ Fq and observe that, since Vo( 2 ;) > Mq, there 
is an open, relatively to 17, neighborhood C 17, such that Vq > Mq in N^, while (|3.9I) 
gives 1/q^ > Mq in N^. 

Let p G C'^(]R"') be a defining function of 17, that is, 17 = {x G M” : p{x) < 0} and 
|i7p| / 0 on do, and, in particular, Dp/\Dp\ = u on dO. 

For any e > 0, x i-A {x)—ep{x) achieves a minimum at 2 ; over Nz- Since 77^ (x, DV ^) > 
0 on 17, we have 

0 < Hj^{z,eDp{z)) = e{£eQ^\Dp{z)\^ + b{z) • Dp{z)), 

which is a contradiction, in view of the fact that the right hand side is negative if e is 
sufficiently small. 

It follows that Fq \Fq = 0, that is, Fq C Fq, which, together with (I3.10p . proves the 
claim. □ 


4. Barrier functions 

We adapt and modify here the main argument of building barrier functions of m to 
obtain information on the behavior of the solutions of (j2.ip along the positive time axis 
I, that is on for a sufficiently long time interval [0, T{s)), under the assumption 

that the matrices G C{Qx(s)) bounded by a G C{Qt(s)) from above or from below. 

Recall that, for any a G C(17, S”(0o))j G (7(17 x M”') is the Hamiltonian given by 
Hol{x,p) = a{x)p ■ p + h{x) ■ p,Va ^ Lip(l7) is the quasi-potential corresponding to (a, h), 
and Ma = ming /2 Fa, and set 

Fa := {x G 17 : Vq,(x) < Mq,}, Fa '■= Fa H 9l7, 

and, for any m > 0, 

Fa := {x G 17 : Vq(x) < mj. 

We consider again (j2.ip for a family of G (7((5, §"'(0o)) and present two results, one 
stated in the form of an upper bound and the other in the form of a lower bound. The 
upper bound is valid up to A smaller than Mq in the logarithmic time scale, and the lower 
bound is valid up to 00, provided , on the boundary portion Tq x [ 0 , T{e)), is larger than 
a specified lower bound. 

We begin with the former, which corresponds to m Theorem 1 (i)] in its nature. The 
latter is related to HD Theorem l(ii)]. 

Proposition 12. Assume (ll.lDh and fix a & (7(17, S^{9q)), r(e) G (0, 00], (7o > 0 and m G 
(0, Mq). If, fora^ G (7((5t(£);S”(^ o)) such thata^ < a m(5r(e), ^ C'((5r(e))n(7^’^((5T(e)) 

is a subsolution of (Eti in Qt(s) such that 

in Fff and < Cq in QT(e), 
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then, for any 5 > 0, there exists Sq G (0, 1) such that, if £ G (0, eo); then 
u^{0,t)<6 for all i G [0, exp((m — (5)/e) A T(e)). 
The lower bound is stated next. 


Proposition 13. Assume (ll.lOj) . fix a G (7(17,S”(0o)); T{£) G (0, oo], (7o > 0 and m > 
Mq. If, for G (7((5r(£); §*^(^ 0 )) such that > a in QT{e)j £ C'((5T(e)) 7l C'^’^(Qr(£)) 
is a supersolution of (EH) in Qt{£) such that 

> 0 in Uff, > 0 in {Eff n dQ) x (0,r(e)) and > —Cq in Qt{£): 
then, for any (i > 0, there exists Eq G (0, 1) such that, if £ G (0, Eq), then 

u‘^{0,t) > —6 for all t G [0, T'(e)). 

The proofs of Propositions [12] and [T3| use the next two lemmata; for their proof we refer 

to [TT] , 


Lemma 3. Assume (II.IOD and fix a G (7(17, S”'(0o))- For any r G (0, tq), there exist 
Vr G C^(l7) and rj G (0,1) such that 


(4.1) 


{x,Dvr)<—r] in f2\Br, 
< Ha{x, DVr) < I in Br, 

JIUj. 112^00(12) ^ 


Lemma 4. Assume (jl.lOp and fix a G (7(17,S"’(0o))- For each m > Ma, there exists 
Wm G Lip (17) and p > 0 such that 

(4.2) 0 < nuntOm < uiaxwm < ni, 

ii n 

and, in the viscosity supersolution sense, 

(4.3) Ha{x,—Dwm) > P in 17 and D‘^Wm{x) < ri~^I in 17. 


We continue with the proof of Proposition 1121 which parallels that of [111 Theorem 8 ]. 


Proof of Proposition [TH For r G (0, tq) to be hxed below, let v = Vr G (7^(0) (for notational 
simplicity we omit the subscript r in what follows) and 77 > 0 be given by Lemma [3l set, 
for X G 17, 


w^{x) := exp 


v{x) — m + 2r 


compute, for any {x,t) G Q, 

etr[a^(x, t)D‘^w^] + b{x) ■ Dw^ 

= — {pl{x, t)Dv ■ Dv + b ■ Dv + £tT[a‘^{x,t)D‘^v]) 

< — (ya{x)Dv ■ Dv + b{x) ■ Dv + etr[a'^(x, t)D‘^v]) 

< — [Ha{x,Dv) + £tT[a‘^{x,t)D‘^v]) . 

and choose Eq G (0, 1) so that 

£0 [tia‘^{x,t)D‘^v)^ < min{? 7 , r, 1}; 
note that eo can be chosen so as to depend on only through 6q. 
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We assume henceforth that e E (0, eo) and observe that, from the computation above, 
we get 

0 for all {x,t) ^ Q\Bj. x ( 0 , oo), 
for all {x,t) ^ Br X ( 0 ,oo). 


(4.4) 


etr[a^(x, t)D‘‘w‘^] + b{x) ■ Dw^ < 


Let Co > 0 be a Lipschitz bound of b, and note that, if Ha{x,p) < 0, then \p\ < Cq9q^, 
which implies that Va{x) < Co|xp/(20o) < Cor^/(20o) for all x E Br- We may thus assume 
by replacing, if needed, r > 0 by a smaller number that Vh < t in Br- Accordingly we have 


and 

(4.5) 

Observe also that 


V — m + 2r < Va — rri + 3r < —m + 4r in Br, 
—m + Ar' 


w < exp 


in Br- 


> exp j in 


V — m + 2r > Va — m + r yr in Q\ A™, 

and 

(4.6) 

Next set de = | exp( ) and 

z^{x, t) = w^{x) + dgt for (x, t) E 17 X [0, oo). 

It is immediate from (j4.4h and (j4.5h that 

(4.7) zf > etr[a^D‘^z^] + b ■ Dz^ in Q. 

We choose Ci > 0 so that, for all e E (0, 1), 

< Cl on Q, 

and by replacing, if necessary, eg > 0 by a smaller number we may assume that, for all 
e E (0, eo)j 


Cl < exp ( - 


It follows from (14.6p that 


z^ > > exp > Cl > on (17 \ x [0, oo); 

note that, since m < Ma, we have 917 C 17 \ A™. 

On the other hand, for any x E A™, we have 

z^{x,0) = w^{x) > 0 > u^{x,0), 

and, hence, 

< z^ on dpQ. 

We find from the above, (14.711 and the comparison principle that 

< z^ on Q, 

and, in particular, for any t E [0, exp((m — 5r)/e)], 


< z^{^,t) < t(;^(0) H—exp I — < exp 


—r 


—m + 3r 


+ - exp — . 


—r 
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It is now clear that, for a given S > 0, we may choose r > 0 and Sq G (0, 1) so that if 
e G (0, eo)) then 


^^(0, t) < exp 
We continue with 


—m + 3r 


—r 


H— exp I — < ^ € [0) exp((m — 5)/e)]. □ 


Proof of Provosition [731 We fix r G (0, ro) small enough so that, as in the previous proof, 
Va <r in Br, and m — 5r > M^. In view of Lemmata [3] and 01 we may choose v G (7^(17), 
w G Lip(l7) and r/ > 0 so that, in addition to (|4.1I) . 0 < min^^tc < maxjjrc < m — 5r, and, 
in the viscosity supersolution sense, 

Ha{x,—Dw) > T] and D^w < r]~^I in 17. 

Setting u = —w, p~ = min-^w and p'^ = maxjjtc, we get that p'^ < m — 5r, 0 > —p~ > 
u > —p~^ on 17 and, in the viscosity subsolution sense, 

Ha{x,Du)>p and D^u>—p~^I in 17. 

For e G (0, 1), we set 


z = — exp 


V — m + 2r 


+ exp 


exp 


-P~ 


and find that, in the viscosity subsolution sense. 


£ii[af D'^z^] + b ■ Dz^ > — - exp 


V — m + 2r 


[Ha{x, Dv) + etr[o^i7^u]) 


H— eyi'pi^—^{Ha{x,Du)+£tT[a^D‘^u\) in Q. 


Let eo G (0, 1) be a constant to be specified later and assume henceforth that e G (0, eo)- 
Observing that in the viscosity subsolution sense, 

etx[a^D‘^u] > —r/“^tra^ > —n{6Qp)~^ in Q, 

and 

tr[a^i7^u] < ||i7^u||ioo(^) tr < n0(l'^||i7^u||ioo(^) in Q, 
and, if for x G 17, 


v{x) — m + 2r 


{Ha{x, Dv{x)) + ^11 £>2x11^00(12)) 


{p - en{peo) , 


fix) ■■= - ^exp 
1 

+ - exp 
£ 

we obtain, in the viscosity subsolution sense, 

(4.8) £tv[a^D‘^z^] + b ■ Dz^ > f in Q. 

Choosing eo G (0, 1) so that 

eon^Q^II£>2 x 11 ^ 00 ( 12 ) < m.m{p, 1} and eon(r/6>o)“^ < 

we get 

0 for all x £ f2 \ Br, 


p — £nip6o) and Haix, Dv) + £n6Q^\\D‘^v\\ioo(^f^'^ < 


2 for all X G Bj., 
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and, accordingly, 


f>{ 


0 

2 

— exp 
e 


—m + 4r\ r? 


Since /9+ < m — 5r, we have 
—2 exp 


—m + 4r\ ri 


> —2 exp 


= exp 


in 17 \ Bj., 


in Br- 


.p^-r\ T] 


e 


—2 exp 


—r \ rj 

T+I 


We may assume by replacing eo G (0, 1) by a smaller number that 


and, therefore. 


—2 exp 




—m + 4r\ r? 




> 0 , 


which ensures that / > 0 in 17, and, hence, as a function of (x,t) G Q, is a subsolution 
of (1^ . 

Next observe that 

< 0 on 17, 

and, if Va{x) > m, 


z^{x) < — exp 


Va{x) — m + r 


< — exp 


Fix Cl > 0 so that, for e G (0, 1), > —Ci on Q, and, assume henceforth that £q G (0, 1) 

is small enough so that 

exp > Cl. 

Consequently, we have 

' - exp (f) < -Cl < in (C \ 27™) x [0, T{e)), 

< < 0 < u^(-,0) 

_0 < in (77™ n dn) x (0, r(e)), 

that is 

on dpQx(£), 

and, hence, by the comparison principle, 

Z^ < on QT{e)- 

Finally, we note that 


z^(0) = - exp 
> — exp 

which completes the proof. 


u(0) — m + 2r 


—m + 4r 


exp 


exp 
P 


-P~ 


0 as £ —^ 0, 


□ 
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The following corollary is a variant of m Theorem 4.1], Since its proof is similar to the 
one of Proposition [13] above, here we present only an outline. 


Corollary 14. Assume (|1.10p . fix a £ (7(17, S”(0o)); T{e) G (0, oo], C > 0 and m > Ha¬ 
lf, for £ C'((5 t(£);§”(^ o)) such that > a in Qt{£), € C'(Qt(£)) Pi C^'^{QT{e)) is a 

supersolution of (Eti in QT(e) such that 

> 0 in {Efif n dfl) x (0,T(e)) and > —C in QT{e)j 
then, for any 5 > 0, there exists eo £ (0, 1) such that, if s £ (0, eo); then 


u^{0,t) > —6 for all t £ [exp(m/e), T{e)). 

Outline of proof. Let r £ (0, ro), i] > 0, p^, v £ (7^(17), and w, u, , f £ Lip(l7) be 
the same as in the proof of Proposition [13] According to (|4.8p . we have in the viscosity 
subsolution sense, 

e\,x\a^D^z^\Ah-Dz^ > f in Q. 

Choosing eo £ (0, 1) so that 

eonef'^\\D‘^v\\L^(Q) < min{r/, 1 }, eQn{r]e)~'^ < - and 2 exp ( — ) < ^ 
and noting that, in 17 \ 71^ and e £ (0, eo), 


f >- exp 

e 


(yP — en{p6) ) ^ 


we compute, as in the proof of Proposition [TS] to get, for any e £ (0, eo), that 


/ > exp 


—2 exp 


—r 
e 




in 17. 


Now, we fix 7 G (0, p], set, for {x,t) £ Q and e G (0, eo), 

/(x,t) := z^x) - (7 + Y exp > 

and observe that, for each e G (0, eo), 5*^ is a subsolution of (|2.ip . 
Let 


. ^ 4(7 p+ 

re = —exp(— , 
7 e 


and observe that, for any {x,t) G 17 x [0, r(e)] such that Va{x) > m, 

g%x,t) < z%x) < - exp . 

We may assume by replacing eo > 0 by a smaller number if necessary that 


exp 


> (7. 


Accordingly, we have 

" — exp (I) < —C < 
<{-C < u=(-,0) 

0 < 


in (C\A™)x[0 ,r(e)Ar(e)), 
in A™ X {0}, 

in {Sff n dQ) X (0, T{e) A r(e)). 







METASTABILITY FOR PARABOLIC EQUATIONS WITH DRIFT 


25 


Thus, 


/ < in « 9 pQT(e)Ar(£), 
and, hence, by the comparison principle 

/ < in QT{e)AT{e)- 


The final step begins by noting that 

n^(0,r(e)) > /(0,r(e)) 


z^(0) 


and 

z"( 0 ) > - exp _ exp ^0 as e ^ 0 . 

Fix (5 > 0 and, if necessary, replace eo by a smaller number such that z''(0) > —5 for all 
e € (0, eo)- Recalling the definition of r(e) and observing that 

u'^i0,t) > z^{0) if f = — exp ^ < T(e) and 0 < 7 < ry, 
we conclude that 

> —5 for all t E [{iC/r]) exp{p'^ /e), r(e)) and e E (0, eo). 

Since p'^ < m — 5r, by selecting eo E (0, 1) sufficiently small, we may assume that 
{4:C/p) exp{p'^/s) < exp(m/e) for all e E (0, eo), which completes the proof. □ 


5. The proofs of Propositions El [3] and [U 


Proof of Proposition [B Since the arguments are similar for both cases when /3i < (32 and 
Pi > P 2 , here we treat only the case Pi < ^ 2 - 
We argue by contradiction and suppose that 

(5.1) limsupAfc < M{P 2 ). 

k^oo 

Let 5 > 0 be a constant to be fixed later, define a'g and as in Section [3l with Pq 
replaced by P 2 , and, as in Section [3l let be the maximal subsolution of 

PL'g {x, Du) = 0 in 17, u(0) = 0, 

and set = ming^ . 

Since Proposition [IT] yields 

^hm^M+ = M(/32), 

in view of (j5.ip . we may choose 5 > 0 so that 

lim sup Afc + (5 < M'^. 

k^oo 

We fix m E M so that 

lim sup Xk + 6 < m < , 

k^oo 

and, by passing to a subsequence if necessary, we may assume that 

Xk <m — 5 for all A: E N. 


Set 


XJ = {x £ f2 : {x) < m}. 


and note that 17 is a compact subset of 17. 
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In view of the continuity of the map t i-A reselecting, if needed, /3i, /ifc and Xk, 

we may assume that, for all t E [ex.p{fik/^k), exp(Afc/£fc)] and k gN, 

(5.2) /32-^ </3i </32. 

Now we choose 7 E (0, 6/2) small enough, so that 

(5.3) E d fi-y and 1^2 — f3i > 27 . 

Proposition [TOl gives Sq E (0, 1) such that, if e E (0, eo)) 

(5.4) |n^(x,t) — n^(0,t)| < 7 for all {x,t) G x [exp(ai/e), 00 ). 

We assume that £k < £0 for all /c E N, and combine (15.41) and (15.21) . to find 

(5.5) |n^''(x,t) - ^2] <6 for all {x,t) G x [exp(/rfc/efc), exp(Afc/efe)], 
and 

n^''(x,exp(/rfc/efc)) < /3i + 7 for all x E and A: E N. 

Since (|5.5I) implies that 

a(x,rt^'‘(x,t)) < as{x) for all (x,t) E 17 x [exp(^fc/efc), exp(Afc/efc)], k gN, 

setting 

jv^{x,t) = u^'^{x,t + exp{^k/£k)) - /3i - 7 , 

\a’^{x,t) = a(x,u^'=(x,t + exp(|Ufc/efc))), 

we see that 

v/= £ktT[a^{x,t)D'^v^] + b{x) ■ Dv^ for all {x,t) G Q. 

Furthermore, since v^{-,0) <0 in it follows that 

x'=(-, 0 ) < 0 in a;. 

An application of Proposition [T2l with and 7 in place of £, and 6 respectively, 

guarantees that, for sufficiently large k, we have 

v’^{0,t) < 7 for all t G [0, exp(Afc/£A:) - exp(/rfc/efc)], 

which, in particular, yields 

x''(0,exp(Afc/efc) - exp{nk/£k)) < 7- 

This shows that 

ri^''(0,exp(Afc/efc)) < Pi + 2j < /32, 

which is a contradiction. □ 

Proof of Proposition\^ Since the arguments are similar, here we only consider the case 
where (62 < /3i holds. 

We suppose that 

(5.6) G-{h)>h. 
and obtain a contradiction. 

For a small constant (5 > 0 to be chosen later, define of and TiJ as in Section [HJ with /3o 
replaced by / 32 , let Vf be the quasi-potential corresponding to {af, b), that is the maximal 
subsolution of 


PLj {x,Du) = 0 in 17 and n(0) = 0. 
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and the quasi-potential corresponding to the pair (a(-,/32), 6), set 

Mr = TainVf, /y = argmin(V'^“|5l7) and = argniin(l/^^|9l7), 


an 

and observe that 


Due to (15.6p . we have 

Furthermore, in view of 

(5.7) 


G (/32) = mine?. 
r^2 


min^r > /32. 
r^2 


we may choose 5 > 0 so that 
min g > j32 + 5- 


Finally replacing, if necessary, /3i, gk and Afc we may assume that 

/3i > u^0,t) > j 32 for all t G [exp(/ifc/efc), exp(Afe/efc)], A: G N, 

and 

(5.8) /3i < /32 + 6 / 2 . 

Since, by the maximum principle, g^m < < 5 max in Q, we find that Theorem [TOl yields 

eo G (0, 1) such that, if e G (0, eo), then 

(5.9) \u^ —u^{0,t)\ < 6/2 in 17^/2 ^ [exp(oi/e), oo). 

Consequently, if A; G N is sufficiently large, then < eo and 

(5.10) - P 2\<6 in Qs /2 x [exp(;Ufc/efc), exp(AA:/efc)]. 

Henceforth, passing if necessary to a subsequence, we assume that (j5.10l) holds for all 
A; G N and, thus 

(5.11) aj(x) < a{x,u‘^^{x,t)) for all (x, A) G C x [exp(//fc/efc), exp(Afc/efc)], A: G N. 

We set n = {x G df2 : g{x) > (62 + 6 } and note that, in view of (15.71) . U is an open 
neighborhood, relative to 51?, of and 

{x G C : ^^-(x) < M^} = {xGQ : Vf{x) < M^} U C 1?^, 

and deduce, for 7 > 0 sufficiently small, 

(5.12) {x G C : y 5 -(x) < + 7 } C 12^. 

In view of ()5.8p . we observe that 

(5.13) g > 162 + 6 > Pi in 77. 

We fix 7 > 0 so that (I5.12p and 57 < /3i — P 2 hold, set 

T := {x G C : ^^-(x) < + 7 } C 12^. 

Noting that /3i > /3i — 47 > /32, we select a sequence {u^} so that 

jgk <^k < Afc, u^''(0,exp(ufc/efc)) = /3i - 87 for all A: G N, 

\Pi > > /3i - 37 for all t G [exp{gk/£k), exp(ufc/efc)], 7 G N. 

Now we show that, for some p > 0 and sufficiently large 7 G N, 

(5.15) exp(ufc/efc) > exp{gk/£k) + exp(p/efc). 


(5.14) 
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For this, similarly to (j5.9p . we use Proposition [THl to find that, for some r G (0, vq) and 
sufficiently large A; G N, 

— ^'^'=( 0 , •)! < 7 in Br X [exp(ai/ek), oo). 

For every such large A: G N, we set 

:= + exp(/xfc/efc)) - + 7 for (x,t)eQ, 

and note that 

> 0 in Br- 

We apply Proposition [121 with e, and a replaced respectively by e*,, —v^ and Oq^I, to 
deduce that, for some p > 0, 

—v^{0,t) < 7 for all t G [0, exp(p/efc)], 

that is, 

> /3i - 27 for all t G [exp{pk/£k), exp{pk/sk) + exp{p/ek)], 

which, in view of the choice of I'k, implies that (I5.15|) holds for sufficiently large A; G N. 

In what follows we may assume by replacing if necessary {sk} by a further subsequence 
that (I5.15P is satisfied for some p > 0 and all A: G N. We set 

w^{x,t) = + exp{pk/^k)) — + 3'y for {x,t)&Q, Ac G N, 

and note that, in view of (I5.14h and (15.1,ip . 

> 0 for all t G [0, exp{iyk/£k) - exp{pk/£k)] 

\w^{x,t) = g{x) — Pi + 3^ > 0 for all (x, t) G 77 x [0, 00 ). 

Recalling (I5.15|] . we apply TheoremEl with e and replaced by £k and —Wk, to get, for 
sufficiently large k, 

-w^{x,exp{uk/£k) - exp{pk/£k)) < 7 for all x G 17.^, 

which reads 

u^'°{x,exp{i'k/£k)) > /7i — 47 for all x G . 

Finally, for (x, t) G Q, we set 

z^{x,t) = u^'=(x,t + exp(i/fc/efc)) - Pi + dy, 
observe that, if A: G N is sufficiently large, then 

z^i', 0) > 0 in B and = g — Pi + > 0 in 77 x [0, 00 ), 

and invoke Proposition 1131 to conclude that, for sufficiently large A: G N, 

2*^(0, exp(Afc/efe) - exp{uk/£k)) > -J, 

and, hence. 


which is a contradiction. 


u^''(0,exp(Afc/efc)) > Pi - > P 2 , 


□ 
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Proof of Proposition^ Since the arguments are similar, we give the proof under the as¬ 
sumption that 

(5.16) G-(/3o)>/3o. 

We suppose that 

(5.17) po > M(/3o), 
and obtain a contradiction. 

Fix (5 > 0 and let af and PLJ as in Section [3] and and 17/^o be the quasi-potentials 
corresponding to {aj,b) and (o(-,/3o),5) respectively, set 

Mr = min 14“, IT = argmin(14“|5l7) and r^° = argmm{V^°\df2), 

dfi 

and note, in view of Proposition [TTl (|5.16p and (15.171) . that 

liminfmin^r > min <7 = G“(/3o) > /3o and lim M7 = M{l3o) < pQ. 

<5^0+ r ~ <5^0+ 

Choose 5 > 0 so that 


(5.18) 


min g > A5 + I3 q. 

rr 


For m > set 

:={x£l2 : Vf{x) < m} 

and note that 

lim sup Z"™ n df2 = {x G 17 : Vg~{x) < Mf} n df2 = rf~. 

m^M^+O 

Hence, we may choose m G {Mf, po] so that 

(5.19) Z™ n df2 C {x G df2 : g{x) > /3o -|- 35}. 

The maximum principle yields that, for all (x,t) G Q and e G (0, 1), u^{x,t) G Ig., while 
Theorem [TOl implies the existence of Sq £ (Oj 1) such that for all (x,t) G f^s /2 x [exp((/9o — 
5)/e), 00 ) and e G (0, Eq), 

lu^(x,t) -u^(0,t)l < -. 

Our assumptions yield 7 > 0 and a sequence {sk} C (0, 69 ) such that lim^^oo = 0 and, 
for all p £ [po — 7 , Po + 7 ] 4 (0, 00 ) and /c G N, 

tt^'=(0,exp(p/efe)) G [/3o - 5/2, ^0 + ^/“A- 

Hence, if (x, p) G 175/2 x [po — 7) Po + 7 ] and /c G N, we get 

(5.20) u^'=(x,exp(p/eA.)) G (/lo - 5, /Iq + 5), 
and, moreover, 

(5.21) oij{x) < a(x,'u‘^'=(x,exp(p/eA;)). 

Set 

x'^(x, t) := ri*^(x, t + exp((po — 7 )/e)) — /3o — 35 for all (x, t) G Q, e G (0, 1), 

and 

a^{x,t) := a{x,u^{x,t + exp{{po — j)/£))) for all (x, t) G Q, e G (0, 1), 
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and observe that, for Tk := exp((/9o + 7)/efc) — exp((/9o — 'y)/ek), is a solution of (|2.ip 
and (jl.211 . 

for all {x,t) G 17 x [0, T^.], A; G N, 

and 

(x, t) = g{x) — /3o — 3(5 > 0 for all (x, t) G Z"™ H dfi x [0, T^] 

In view of Corollary [HI we may assume, by passing to a subsequence, that 

> —6 for all t G [exp(m/efc), T^] and A: G N. 

Since Tk > exp(m/efc) for sufficiently large A: G N, we find A: G N such that 

v^^{0,Tk) > -6, 


which yields the contradiction 

u^''(0,exp((po + 7)M)) > /3o + 3(5. 


□ 


6. The proof of the main theorem 

The proof of Theorem [1] is a relatively easy consequence of Propositions [21 [3] and [H as 
shown in M- For the reader’s convenience, we reproduce it here. We begin with two 
lemmata. 

Lemma 5. Assume (11.101) and let G C(0) n C‘^’^(0) be a solution of (11.11) and m- 
For any (5 > 0 there exist Aq > 0 and Eq £ (0, 1) such that 

(6.1) \u‘^{0,t) — ( 7 ( 0)1 < (5 for all t G [0, exp(Ao/e)] and e G (0, eo). 

Proof. Let V G Lip(f7) be the quasi-potential associated with We choose m > 0 

small enough so that m < min^g^^ V and 

{x G 17 : P(x) < m} C {x G 17 : \g{x) — 3(0)1 < (5/2}. 

Applying Proposition [T2l with a^{x,t) = a{x,u^{x,t)) and a(x) = Oq^I and replaced 
by ±{u^ — 3 ( 0 )) — 5/2, we get that, for each 7 > 0 , there is eo £ ( 0 , 1 ) such that 

±(u^(0, t) — 3 ( 0 )) — (5/2 < 7 for all f G [0, exp((m — 7 )/e)] and e G (0, eo). 

We fix 7 > 0 small enough so that 7 < min{(5/2, m}, and we get (| 6 .ip with Aq = m— 7 . □ 

Lemma 6 . Assume (jl.lOj) and (I1.17|) and let X > 0 and, for each e G (, 1), G C{Q) n 
be a solution of (jl.ip and (jl.2l) . If ci > cq, then 

( 6 . 2 ) liminf u^(0,exp(A/e)) > c(A), 

e^0+ 

and, if Cl < co, then 

(6.3) limsupu^(0,exp(A/e)) < c(A). 

£ —^O-j- 

This lemma is exactly the same as [H Lemma 3.12]. 
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Proof. We give only the proof of the first assertion, since the other claim can be proved 
similarly. 

Note that, in view of the dehnition of ci and the function c, G~{c) > c for all c E [cq, ci) 
and X ^ M{c) for all c E [cq, c(A)). Furthermore, since the function M is continuous, we 
have X> M{c) for all c E [cq, c(A)). 

We show first that, for any p > 0, 

(6.4) liminf tt^(0, exp(p/e)) > Cq. 

e^0+ 

According to Lemma O there exists Aq > 0 such that, for any p E (0, Aq], 

(6.5) lim u*'(0,exp(p/e)) = cq, 

e^0+ 

which shows that (j6.4p holds if p < Aq. 

Fix any p > Aq and, to prove (16.4p . suppose to the contrary that 

liminf 11 ^( 0 ,exp(p/e)) < cq. 

e^0+ 

It is easily seen that there exist sequences {sk}, {pk} and {Afc} of positive numbers and 
two constants /3i, /32 E Ig such that lim^^ooefc = 0, cq > /3i > /32, and, for all A: E N, 

Ao < Pfc < Afc < p, 'U^'=(0,exp(pfc/efc)) = ,01 and 'u'^''(0,exp(Afc/efc)) =/32- 

Since G“(co) > cq and G~ is lower semicontinuous, we may assume reselecting (3i, (32 
close enough to cq so that G“(/ 32 ) > h- This contradicts Proposition [3l which proves that 
(j6.4p holds. 

To show (j 6 . 2 p . in view of (j6.4|] . we may assume that c(A) > cq and suppose that (16.2p is 
false, that is. 


(6.6) liminf ri'^(0,exp(A/e)) < c(A), 

e^0+ 

which in turn implies together with (16.4h that c(A) > cq. 

We set 


c(p) := liminf tt^(0,exp(p/e)) for p E (0, A], 
£^ 0 + 

and show, arguing by contradiction, that 


(6.7) 


c(pi) < c(p2) if 0 < Pi < P2 < A. 


To this end, we suppose to the contrary that there exist 0 < pi < p 2 < A such that 

c(pi) > c(p 2 ). 

We may assume that c(p 2 ) < c(A). Indeed, if c(p 2 ) > c(A), then, replacing p 2 by A, we 
find c(pi) > c(p 2 ) and c(p 2 ) = c(A). Now, noting by (16.61) and (|6.5p that cq < c(p 2 ) < 
c(A) < c(A), we may choose sequences {efc}, {pfc}, {Afc} of positive numbers and constants 
/di, /32 E Ig such that limfc^oo= 0, c(A) > /3i > /32 > cq, and, for all A: E N, 

u^''(0,exp(pfc/efc)) = /3i, n^''(0,exp(Afc/efc)) = ^2 and pi < Pfc < Afc < p 2 . 


Here and there, for notational simplicity, we use the same symbols /3j, £k, Pk and Afc to 
denote different quantities in different arguments. Moreover, since cq < /32 < c(A), we have 
G~{/32) > /32- Thus, we are in the situation that contradicts Proposition [3l and we conclude 
that (|6.7I) holds. 

The last step of our proof is an application of Proposition U] for a contradiction. 
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In view of the monotonicity (|6.7p . the function c has at most countably many disconti¬ 
nuities on (0, A] and, recalling that cq < c{p) < c(A) for all p G (0, A] and that G~{c) > c 
and M{c) < X for all c G [cq, c(A)), we may choose po G (0, A) so that c is continuous at po 
and, for /3o := c{po), 

(6.8) po>M{/3o). 

We fix any 5 > 0. Since G~{l3o) > /3o, in view of the lower semicontinuity of G~, we may 
choose G (0, 6/3) so that 

(6.9) G~{c) > /So + 3(5i for all c G [,So — 3(5i, /3o + 3(5i]. 

Moreover the continuity of c at po yields 7 > 0 such that 

[Po - 7 , P 0 + 7 ] C (0, A), 

and, for all p £ [po - 7 , Po + 7]; 

(6.10) c(/o) G [/3o-5i,/3o + ^i]. 

Now, we show that there exists a sequence {sk} C (0, 1) such that lim^^oo = 0 and, 
for all p £ [po — 7 , Po + 7 ] and A: G N, 

(6.11) u^>‘{0,exp{p/ek)) £ [/3o - 3(5i, /3o 35i]. 

Indeed, in view of the definition of c and (I6.10j) . we may choose a sequence {sk} C (0, 1) 
such that limfc^oo = 0 and, for all A; G N, 

(6.12) u^''(0,exp((/Oo+ 7)/efc)) ^ [Po -2(5i, /3o-h2(5i]. 

Since c{po — 7 ) > /So — (Ji, ()6.10p gives 

liminf rt^''(0,exp((/Oo - l)/£k)) > Po - 

k^oo 

and, therefore, by passing to a subsequence if necessary, we may assume that, for all A G N, 

(6.13) u^''(0,exp((/Oo - 7)/efc)) > Po - 2(Si. 

To complete the proof of ()6.1ip . we need only to show that for infinitely many A G N and 
all p£[po- 7, Po + 7 ], 

(6.14) tt^'=(0,exp(/o/efc)) G [Pq - 3(5i, /So -h 3(5i]. 

If this is not the case, there exist a subsequence of {fffc}) which we denote again by the 
same symbol, and a sequence {pk} C [po — 7, Po + 7 ] such that either 

(6.15) n^''(0, exp(/ 9 fc/efc)) >/So + 35i for all A G N, 
or 

(6.16) n^'‘(0, exp(/ 9 fc/efc)) < /So — 3hi for all A G N, 

In view of (j6.12p . if (I6.15h holds, then there are two sequences {pk}-, C (0, A) such 
that, for all A G N, 


(6.17) 


/So -h 3(5i = tt'^'=(0,exp(/rfc/efc)) > w^'“(0,exp(Afc/efc)) = Po + 2(5i 
Po - 7 < Pfc < Afe < Po + 7- 
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Similarly, in view of (j6.13p . if ()6.16p holds, then there are two sequences {fik}, C 
(0, A) such that, for all A: G N, 

f/3o - 25i = u^'’{0,exp{fik/sk)) > u^'=(0,exp(Afc/efc)) = /3o - 3(5i, 

\po - 7 < Atfc < Afc < po + 7- 

If ()6.17l) holds, setting f3i := f3o + 35i and f32 ■= Po + 2(5i and noting by (16.91) that 
G~{f32) > /32) we apply Proposition [3l to obtain a contradiction. 

In the case (I6.18P holds, setting /3i := /3o — 25i and (32 ■= /3o ~ 35i and noting that 
G~{(32) > (32, we get a contradiction by Proposition [3l 

Now, we find that (16.141) holds and, therefore, there is a sequence {sk} C (0, 1) for which 
(16.lip holds. 

Thus, under the supposition (16.61) . we have shown that (16.8p and (|6.10l) hold for some 
sequence {sk} C (0, 1) converging to zero. Proposition S] assures that po < M{(3o), which 
contradicts (j6.8l) . Therefore, we conclude that (16.21) must hold. □ 

Proof of Theorem [I]. In view of Theorem [TOl we only need to show that 

(6.19) lim u^(0, exp(A/e)) = c(A). 

£^•0 

The comparison principle yields that 

grain < < 9max On Q. 

We fix A > 0 and consider first the case A < M(co), which implies that c(A) = cq, and 
prove that 

(6.20) limsupn^(0, exp(A/e)) < c(A) = cq. 

£—)‘0 

We argue by contradiction and suppose that 

limsupu'^(0,exp(A/e)) > cq. 

£—)‘0 

Using the continuity of the function M, we choose /3i,/32 G M so that 

(6.21) Cq < (3i < (32 < limsupu^(0,exp(A/e)) and M{(32) > A, 

£—^0 

and note that, in view of Lemma El there are constants Aq G (0, A) and Sq G (0, 1) such 
that 

(6.22) tt^(0,exp(Ao/e)) < (3i for all e G (0, eo). 

On the other hand, ()6.21l) yields a sequence {sfcjfceN C (0, eo) such that Sk ^ 0 and 

u^''(0, exp(A/efc)) > (32 for all A: G N, 

while, (16.2211 gives 

(0, exp(Ao/efe)) < (3i for all A: G N. 

The continuity of t i-A u^''(0,t) implies that, for each A; G N, there exist Hk,3^k £ [-^Oj -^] 
such that Ao < Pfc < and 

n^''(0,exp(pfc/efc)) =/3i and (0, exp(Afc/efc)) =/32- 

Proposition [2] now assures that limsup^^ooAfc > M{(32), but this contradicts that Xk < 
A < M(/32) for all A: G N. 
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A similar argument shows that 

liminf rt^(0,exp(A/e)) > c(A), 

and, thus, we have (I6.19P in the case where A < M(co). 

Next we consider the case where A > M{cq) and ci = cq and recall that, by dehnition, 
c(A) = Cq. We first suppose that 

limsupu^(0,exp(A/e)) > cq, 

S —^0 

and use (jl.l5p and the upper semicontinuity of G~^, to select /32 £ so that cq < /32 < 

limsup^^o G~^{j32) < 132- 

Choosing, for instance, /3i = (cq + / 32 )/ 2 , so that cq < /3i < (32, and, using Lemma [5] as 
in the previous case, we may choose sequences {efc}, {fJ-k}, such that lim^^ooEfc = 0 
and for some Aq > 0 and all A: € N, 

Ao < hfc < Afc < A, M^''(0,exp(^fc/efc)) =/?! and exp(Afc/efc)) = ;d 2 - 

This contradicts Proposition [3l and thus, we conclude that 

limsuptt*^(0,exp(A/e)) < cq. 

£—^0 

A similar argument shows 

liminf ri^(0, exp(A/e)) > cq, 

and, hence, we have ()6.19p when A > M(co) and ci = cq. 

Now we consider the case where A > M(co) and ci > cq. The definition of ci implies that 
G~{c) > c for all c G [cq, ci), and, moreover, by the definition of c, we have c(A) G [cq, ci], 
A > M(c) for all c G [cq, c(A)), and, if c(A) < ci, then M(c(A)) = A. 

Suppose that 

limsupu^(0,exp(A/e)) > c(A). 

S —^0 

We assume first that c(A) = ci and observe that we must have ci < ^max- Then (I1.15h 
yields /32 G M so that G~^{j32) < (32 and ci < (32 < limsup^^Q n^(0, exp(A/e)). Fixing 
(3i G (ci, (32), we argue, as in the previous case, with ci in place of cq and hnd sequences 
Ek 0+, {fik} and {Afc}, and constants Aq > 0 and 5 > 0 such that for all /c G N, 

Ao < < Afc < A, '«^'=(0,exp(/xfc/efe) =/3i, exp(Afc/efe)) =/32, 

which contradicts Proposition [3l 

Assume next that c(A) < ci- As noted above, we have M{c{\)) = A and M{c) < X for 
all c G [co, c(A)), and, in particular, 

(6.23) M{c) < X for all c G [cq, c(A)]. 

Since the function c is continuous at A, we may choose r/ > 0 so that c(r) < ci for all 
r G [A, X + r]] and noting that, for any r G (A, A + ??], r > M(co), we find by the definition 
of c(r) that M{c{r)) = r, which together with (|6.23l) implies that c(r) > c(A). 

We choose 7 G (0, 7 ) small enough so that c(A + 7 ) < limsup£^Qn^(0,exp(A/e)). 
If we set (32 = c(A + 7 ) and fix (3i G (c(A),/ 32 ), then we have c(A) < (3i < (32 < 
limsupj^o exp(A/e)). 
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As before, we choose sequences {e/c}, {fJ-k} and {A^} such that linifc^ooEfc = 0 and, for 
some Ao > 0 and for all A: E N, 

Ao < Aifc < Afc < A, u*^''(0,exp(/xfc/efc)) = /?i and u'^''(0,exp(Afc/efc)) = /32- 

Then Proposition [2] imply that M{/32) < limsup^^oo Xk < A. On the other hand, we have 
M{/32) = M{c{X + 7 )) = A + 7 > A. Hence we obtain a contradiction. 

Thus, in the case when A > M{co) and ci > cq, we have 

limsupu^(0, exp(A/e)) < c(A), 

£—^0 

while, by Lemma [U we find 

liminf u^(0,exp(A/e)) > c(A), 

e^O 

and we conclude that (|6.19l) holds when A > M(co) and ci > cq. 

A similar argument proves that (|6.19p holds when A > M(co) and ci < cq, and the proof 
is complete. □ 


Appendix A. A subsolution property 


(AT) 


For T > 0 and a (relatively) open subset 77 of df2, we consider the problem 
jUt<b{x)-DU in f? x (0, T], 

|min{17t — b{x) ■ DU, 77} < 0 on 77 x (0, T], 

Lemma A.l. Let U E USC(Q'r) be a subsolution of (lA.lh . fix z ^ and set 

u{t) = U{X{T-t,z),t) /oriE[0, T], 

Then u E USC([0, T]) and, if z G f2, it is a subsolution of 
(A.2) u' < 0 in (0, T] 

and, if z G LI, it is a subsolution of 

J u' < 0 in ( 0 , T), 

1 min{tt', uj < 0 on {Tj. 


(A.3) 


We note that observations like the lemma above concerning the restriction of viscosity 
solutions to lower dimensional manifolds go back to Crandall and Lions [H Proposition 1.13]. 

Proof. Let G ^^((O, Tj) and assume that u — cf has a strict maximum at t E (0, T]. 

For a > 0 consider the function <1> : Qt —t M given by 

$(x,i) := U{x,t) — 4>{t) — a\x — X{T — t,z)\'^, 

let {xa,ta) G Qt be a maximum point of d>, set x = X{T — t,z), and observe that, as 
a —>■ 00 , {Xa,ta) {x,i), a\Xa — X{T — ta,z)\‘^ —t 0 and U{Xa,ta) —t U{x,t). 

Then, for a sufficiently large, we may assume that {xa,ta) E 12 x (0, T] if either z E 12 
OT i < T, and (xafia) G 12^ x (0, T] if z E 77. 

If {xa,ta) E 12 X (0, T], (jA.lIl yields 

— 2a{X{T — ta, z) — Xa) ■ X{T — ta, z) < 2ab{Xa) ■ (Xa — X{T — ta, z)), 
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3jX1cJ. ttlGH 

(t){ta) < 2a{Xa - X{T - ta,z)) • (6(x„) - b{X{T - ta,z))) 

< 2\\Db\\Lao(^Q)a\Xa - X{T - ta, z))f. 

Similarly, if {xa,ta) & H x {0, T], then we get 

< 2 \\Db\\Loo(^f 2 )a\Xa-X{T-ta,z))\‘^ OT U{Xa,ta)<0- 
Sending a —)• oo yields 

(j)' {i) <0 if either z £ f2 or i < T, 

and 

<0 or u{i) <0 if z G 77 and i = T. 

□ 


Appendix B. The supersolution property up to the boundary 
For a G (7(17, S^(0o)) and H{x,p) = a(x)p ■ p + b{x) ■ p we consider the equation 
(B.l) H{x,Du) = 0 in 17. 

Lemma B.l. The maximal subsolution V G Lip(l7) of (IB.ip with 17(0) = 0 satisfies, in 
the viscosity sense, 

H{x,DV)>0 on 17. 

Note that the importance of the lemma above is that the viscosity inequality holds up to 
the boundary. 

Proof. Let cf G (7^(17) and assume that V — 4> has a strict minimum at x G 17 and 17(x) = 

(t>{x). 

To prove the assertion of the lemma, we argue by contradiction and suppose that 77(x, D(j){x)) < 

0 . 

Indeed, if x = 0, then 

H{x,D(j){x)) = a(0)77^(0) • 77^(0) > 0, 
and, henceforth, we may assume that x 0. 

We may choose constants r > 0 and e > 0 so that 0 ^ Br{x) and 
(B.2) H{x, D(j){x)) < 0 for all xGl7n77r(x), 

(B.3) £ + 4>{x)<V{x) for all xGl7\77r(x)- 

It follows from (IB.2[1 that, in the viscosity sense, 

H{x,Dc/))<0 in I7n77r.(x). 

Set 

VF(x) = max{l/(x), e + (/>(x)} for x G 17, 

and observe that 17 = NUM, where N := I7n77r(x) and M := {x G 17 : 17(x) > e + </>(x)} 

(note that N, M are both open subsets of 17), 

H{x, DW) <0 in in the viscosity sense, 


W = V in M and x G M. Hence, VF is a subsolution of (IB.ip such that 1T(0) = 17(0) = 0 
and 117(x) > 17(x), which contradicts the maximality of 17. □ 
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Appendix C. A comparison theorem 

We follow the arguments of |10l Corollary 2.2 & Remark 2.4] to give a proof of following 
lemma. 


Lemma C.l. Let a € S"(0o)) and H{x,p) = a{x)p ■ p + b{x) ■ p. If v & Lip(l7) 

and w E LSC(l7) are respectively a subsolution and a supersolution of the state-constraints 
problem 

H{x, Du) = 0 in 12, 
that is, V and w satisfy, respectively, 

H{x,Dv) <t) in Q and H{x,Dw)>0 on 12, 
and u(0) < iu(0), then u < v on 12. 

Note that the viscosity property of v and w at the origin is indeed not required in the 
lemma above. That is, it is enough to assume that v and w are a subsolution of 


and a supersolution of 


H{x,Dv)<0 in 17\{0}, 
H{x,Dw)>0 on 17\{0}. 


Proof. Fix e > 0 and choose r E (0, tq) sufficiently small so that 

maxu < mintc + e, 

dBr dBr 

set 12{r) := f2\ B^, define h E C{df2{r)) and E Lip(f7) by 

[minaB^rc if a: E dBr, 

Ve = V — £ and h[x) = < 

l^maxai^ V if X E dI2, 

and observe that Ve and w are, respectively, a subsolution and a supersolution of the Dirichlet 
problem in the viscosity sense (see [TO]): 

(h{x,Du) = 0 in f2{r), 

]u = h or H{x,Du)=0 on df2{r). 

It follows from m Corollary 4] that there exists if E Lip(i7(r)) which is a subsolution 
of H{x,Dip) < —rj in f2{r) for some rj > 0 and note that we may assume by adding, if 
necessary, a constant that if < on f2{r). 

Define E Lip(f7(r)) by u^(x) = (1 — £)ve{x) + £if{x) and note that is a subsolution 
of 

{ H{x,Du) < —£T] in 12{r), 
u<h or H{x,Du)<—er] on df2{r). 

It is clear that the domain 12[r) satisfies the uniform interior cone condition and, hence, 
we apply m Corollary 2.2 &: Remark 2.4] to and Ws, to conclude that < Ws in 12{r), 
from which, after sending e —>■ 0, we get v < w on 12. □ 
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